It has been shown that, by adding an extra free field that decouples from the dynamics, one can construct actions for interacting 2n-form fields with self-dual field strengths in 4n+2 dimensions. In this paper we analyze canonical formulation of these theories, and show that the resulting Hamiltonian reduces to the sum of two Hamiltonians with independent degrees of freedom. One of them is free and has no physical consequence, while the other contains the physical degrees of freedom with the desired interactions. For the special cases of chiral scalars in two dimensions and chiral two form fields in six dimensions, we discuss compactification of these theories respectively on a circle and a two dimensional torus, and show that we recover the expected properties of these systems, including S-duality invariance in four dimensions.
the decoupling continues to hold to all orders in perturbation theory [24] . Nevertheless one would like to see this decoupling more explicitly. In this paper we show that if we carry out the canonical formulation of the theory described by the action given in [25] , the corresponding Hamiltonian becomes a sum of two Hamiltonians, one describing a free theory and the other describing an interacting theory. Furthermore the Dirac brackets between the set of degrees of freedom involved in the two Hamiltonians vanish, so that in the quantum theory the two Hamiltonians commute. This gives a clear demonstration of the separation between the extra free degrees of freedom and the interacting degrees of freedom.
We also study compactification of these theories on tori. Since the coupling of the metric to these theories is non-standard -not through the usual covariantization procedure -these compactifications avoid some of the apparent no go theorems [26, 27] . We analyze two cases in detail, the compactification of chiral boson in two dimensions on a circle and a chiral 2-form in six dimensions on T 2 . We shall conclude this section by summarizing the results described in different sections of the paper. In §2 we give a brief review of the results of [25] for the construction of an action of 2n-form fields with self-dual field strength in (4n + 2) dimensions, at the cost of introducing an extra free field that decouples from the rest of the degrees of freedom. In §3 we analyze the canonical formulation of the theory. For simplicity we treat the degrees of freedom associated with the 2n-form fields and (2n + 1)-form field strengths in the canonical formalism but the rest of the degrees of freedom, including the metric, are treated in the Lagrangian formalism. Therefore what we obtain at the end can be identified as the Routhian instead of the Hamiltonian, although we shall continue to refer to it as the Hamiltonian. Alternatively we can interpret our result as the Hamiltonian of the 2n-form fields in the background of other fields. The final result H + + H − , with H ± given in (3.18) , is a sum of two decoupled systems. One of them is a quadratic function of the variable Π + and the other is a complicated function of the variables Π − and the rest of the degrees of freedom, including the metric, collectively denoted by Ψ. The associated equations of motions are given in (3.19) , (3.20) , with Π ± satisfying the Dirac bracket relations (3.17 ) and the constraints (3.10) . From this the decoupling of Π + from the rest of the degrees of freedom is obvious.
In §4 we study the special case of n = 0, corresponding to a chiral boson in two dimensions and its compactification on a circle of radius R. In this case the free part H + takes the usual form given in (4.8) , while the interacting part H − is shown to be given by (4.20) . Treating the background metric as classical we can quantize the degrees of freedom Π ± by replacing the Dirac bracket by −i times the commutator bracket. The spectrum of the resulting quantum Hamiltonian H − , given in (4.27) , agrees with the expected spectrum of a chiral boson compactified on a circle of radius R.
In §5 we analyze the case n = 1, corresponding to the theory of 2-forms with self-dual 3-form field strength in six dimensions. The action of the theory is taken to be the one given in (5.6) , which can be shown to be equivalent to the action (5.3) together with a self-duality constraint (5.4) . Instead of considering full compactification of the theory, we consider its dimensional reduction on T 2 by throwing away the Kaluza-Klein modes. We also carry out a consistent truncation in which we throw away the scalar fields arising out of the compactification, but keep the vector fields and their sources. The resulting interacting Hamiltonian H − is given by (5.32) , with Π − satisfying the constraint (5.34) and Dirac brackets (5.33) . The Hamiltonian, as well as the constraints and the Dirac bracket relations, are manifestly invariant under the S-duality transformation given in (5.35 ).
Review
In this section we shall review the construction of [25] for the action of a 2n-form field, with self-dual (2n + 1)-form field strength, in 4n + 2 dimensions. The field content of the theory is a 2n-form field P , a self-dual (2n + 1)-form field Q satisfying the algebraic relation * Q = Q, (2.1) and other fields that we shall collectively denote by Ψ. * denotes Hodge duality with respect to flat Minkowski metric η µν . The action takes the form
where L I is some Lagrangian density that depends on Q and the other fields Ψ but not on P . The equations of motion take the form:
where R is an anti-self-dual (2n + 2)-form defined so that under a variation of Q,
Throughout the paper all indices will be raised and lowered by flat Minkowski metric. For generic (2n + 1)-forms A and B, our conventions for the wedge product and Hodge dual are as follows:
where ǫ µ 1 ···µ 4n+2 is totally anti-symmetric in all the indices and ǫ 01···(4n+1) = 1. In the above equations the contraction between a pair of anti-symmetric sets of indices, e.g. {µ 1 , · · · , µ 2n+1 } and {ν 1 , · · · , ν 2n+1 } in (2.5) and {ρ 1 , · · · , ρ 2n+1 } in (2.6), runs only over inequivalent combinations, e.g. over µ 1 < µ 2 < · · · < µ 2n+1 and ν 1 < ν 2 < · · · < ν 2n+1 in (2.5) and over ρ 1 < ρ 2 < · · · < ρ 2n+1 in (2.6). We also use the convention:
Expressing the first equation in (2.3) as d(dP + * dP − Q) = 0, we see that dP + * dP − Q describes a self-dual (2n+1) form with vanishing exterior derivative. This describes the degrees of freedom of a free 2n form field in 4n + 2 dimensions with self-dual field strength. From the sign of the first term in (2.2) we see that this mode has wrong sign kinetic term. However since this is a free field it decouples from the system and is harmless. This will be seen more explicitly in the canonical formalism in §3. On the other hand, adding the exterior derivative of the second equation in (2.3) to the first equation we get
In the free theory R vanishes and the equation describes a self-dual field Q with vanishing exterior derivative. This gives a second free field with self-dual field strength Q. However for R = 0 this is an interacting field, with degrees of freedom still given by that of a 2n form field with self-dual field strength.
For simplicity in this paper we shall work with L I that depends on Q but not derivatives of Q. However the general argument showing the decoupling of one set of free field degrees of freedom from the rest continue to hold even when we include in L I derivatives of Q.
Note that the decoupling between the free field and the interacting fields happens at the level of the equations of motion but not at the level of the action. Nevertheless a similar mechanism in string field theory has been shown to maintain this decoupling to all orders in perturbation theory [24] . One of the goals in this paper will be to verify this decoupling using canonical formulation of the theory described in (2.2) . We shall see that in this case the Hamiltonian of the system reduces to the sum of a free Hamiltonian and an interacting Hamiltonian with independent degrees of freedom. The free Hamiltonian has no lower bound on the energy, but it has no physical consequence since it remains decoupled from the physical degrees of freedom that enter the interacting Hamiltonian.
We shall now describe how to relate the action (2.2) to the usual formulation of self-dual p-form theories. There instead of the pair of fields P, Q we introduce a 2n-form potential C and the (2n + 1)-form field strength F ≡ dC .
(2.9)
We now consider an action of the form
where Y is a (2n + 1)-form constructed out of the other fields Ψ and S 2 is a function of the other fields Ψ, including the metric g µν . * g denotes Hodge dual with respect to the metric g µν :
In addition to the equations of motion derived from the action S, we impose the self duality
If we only want to study the coupling of the field to gravity, we can set Y = 0. However we have included it in the action explicitly since dY acts as a source for the self-dual form F . Also many supergravity theories naturally have such couplings.
It was shown in [25] that the action (2.10), together with the constraint (2.13), is equivalent to a new action of the type described in (2.2):
where S 2 is the same action as in (2.10) and
Here P is a 2n-form field and Q is a self-dual (2n + 1)-form field as before. M, ζ and ε are defined as follows. If g µν is the metric, we defineê to be its symmetric square root andÊ to be the inverse ofê via the equations:
thenê may be constructed as a series expansion in h:
eη plays the role of the vielbein, but since the local Lorentz symmetry has already been gauge fixed by choosingê to be symmetric, we shall not distinguish between the tangent space indices and coordinate indices and use the Greek indices µ, ν, · · · for both. As already mentioned before, all indices will be raised and lowered by η. We now introduce indices A, B that correspond to
Clearly A, B take 4n+2 2n+1 possible values. We shall choose the convention that the indices µ 1 , · · · , µ 2n+1 of A are always arranged as µ 1 < µ 2 < · · · < µ 2n+1 and that the sum over A means sum over µ 1 , · · · , µ 2n+1 subject to this restriction. 1 We now define
and,
Since Q and Y are (2n + 1)-forms, they can be represented as vectors carrying the index A.
The terms in the second line of (2.15) have to be interpreted this way, e.g. we have
It was shown in [25] that the equations of motion derived from the action (2.10), together with the self-duality constraint (2.13), are the same as the equations of motion derived from the action (2.14) if we make the identification: 
where Λ is a combination of some gauge transformation parameter and other fields, satisfying
The new action (2.14) can be shown to be invariant under the same gauge symmetry provided we assign the following transformations laws to P and Q:
The combinations that remain invariant under this gauge transformation are
The new action (2.14) also has infinitesimal general coordinate invariance if we assign appropriate transformation laws for P and Q. The explicit form of these transformation laws can be found in [25] . These can be integrated to generate finite general coordinate transformations that are continuously connected to identity transformation. In section 5 we shall also see examples of the invariance of the theory under diffeomorphisms that are not connected to identity transformation. This will include diffeomorphisms of a torus T 2 , generating S-duality symmetry of a theory of chiral 2-forms in six dimensions compactified on T 2 .
Canonical formalism
Decoupling of the free field part from the interacting part of the theory is clear from the equations of motion (2.3) and (2.8) . Indeed for given Q, the degrees of freedom of P satisfy the free field equation of motion encoded in the first equation of (2.3). Furthermore the particular solution for P that we choose does not affect the interacting field equations (2.8) for Q. The formulation of the full BV quantized type II string field theory shows that quantum effects do not affect this decoupling. Nevertheless one may find it uncomfortable that the decoupling cannot be seen at the level of the action. For this reason we shall now study the theory in the canonical formalism and show that the Hamiltonian splits into a sum of two Hamiltonians containing independent degrees of freedom, and one of them is free. The physical interacting degrees of freedom reside in the other Hamiltonian.
Our starting point will be the action (2.2). We take the independent components of P to
In terms of these variables the Lagrangian associated with the action (2.2) takes the form:
where
Since our main interest will be in the fields P and Q, while looking for the canonical formulation of the theory we shall treat P and Q in the canonical formulation but continue to treat the other fields in the Lagrangian formulation. The resulting Hamiltonian should actually be called the Routhian even though we shall refer to it as the Hamiltonian. A slightly different perspective will be that we treat all fields other than P and Q as background fields. From either viewpoint, we need to introduce the conjugate momenta Π i 1 ···i 2n
They can be computed from the Lagrangian (3.2) via standard procedure, and are given as follows:
The Hamiltonian is given by
(3.5)
In our analysis below we shall not write down the range of summations over the repeated indices i 1 , i 2 , · · · explicitly, but it will be understood that whenever the indices of an antisymmetric tensor like Q i 1 ···i 2n+1 or ∂ [i 1 P i 2 ···i 2n+1 ] are summed, the sum runs only over inequivalent sets like
Equations in the second line of (3.4) are constraint equations. Therefore the canonical formulation of the theory requires the use of Dirac's procedure for constrained systems. For the sake of brevity we shall describe below the main steps in this analysis instead of the full details.
The Poisson brackets between the constraints in the second line of (3.4) vanish, but the Poisson brackets of these constraints with H do not vanish, leading to secondary constraints.
The Poisson bracket between Π j 1 ···j 2n+1 Q and H yields the constraint:
On the other hand, the Poisson bracket of Π 0i 2 ···i 2n P with H leads to the constraint:
then the constraint (3.8) gives, 10) and the constraint (3.6) can be written as
We shall express this as
for some function f k 1 ···k 2n+1 , obtained by solving (3.11) . We now note that the Poisson bracket of the left hand side of (3.12) and Π i 1 ···i 2n+1 Q does not vanish:
Therefore the constraints Π i 1 ···i 2n+1 Q = 0 and (3.12) are second class constraints, and we can eliminate Π i 1 ···i 2n+1 Q and Q i 1 ···i 2n+1 using these constraints. The Hamiltonian H given in (3.5) can now be expressed as:
evaluated at the value of Q obtained by solving (3.11):
The Let us now take stock of the independent phase space degrees of freedom. After elimination of Q i 1 ···i 2n+1 and Π i 1 ···i 2n+1 Q using the second class constraints, we are left with the independent phase space degrees of freedom P i 1 ···i 2n , Π i 1 ···i 2n P , P 0i 1 ···i 2n−1 and Π 0i 1 ···i 2n−1 P . Of these Π 0i 1 ···i 2n−1 P and ∂ i 1 Π i 1 ···i 2n P are set to zero by the first class constraints. Furthermore gauge transformations generated by these first class constraints involve arbitrary shifts of P 0i 1 ···i 2n−1 and the shift of
for arbitrary (2n − 1)-form Λ. One can use this gauge symmetry to set to zero the components P 0i 1 ···i 2n−1 and the components of P i 1 ···i 2n proportional to
The left-over gauge invariant degrees of freedom can be taken to be Π i 1 ···i 2n ± defined in (3.9), subject to the constraint (3.10).
It is easy to see that the Dirac bracket between any two gauge invariant quantities, after being expressed as functions of Π ± using the second class constraints, can be computed using the Poisson brackets of Π ± . This can be summarized by writing:
The net outcome of this analysis is that the total Hamiltonian becomes the sum of a free Hamiltonian H + and an interacting Hamiltonian H − given by 3.18) with the variables Π ± subject to the constraints (3.10) and the Dirac bracket (3.17) . In arriving at (3.18) we have set to zero terms proportional to the first class constraints. H + is negative definite. However this has no physical relevance since it decouples from the interacting degrees of freedom Π − and Ψ.
The equations of motion derived from this Hamiltonian take the form: 
Chiral scalar in two dimensions and its compactification on S 1
Let us consider the case of a chiral scalar in two dimensions. This system has been analyzed using various approaches earlier [28] [29] [30] [31] [32] [33] [34] , but our goal will be to examine how the formalism developed in §3 can be applied to this case. In this case P is a scalar φ and Q is a one form A satisfying the condition
where ǫ 01 = −ǫ 10 = 1, ǫ 00 = ǫ 11 = 0. This gives
We shall take A = A 1 as the independent degree of freedom. The action (2.2) takes the form
where Ψ represents other degrees of freedom.
We can construct the Hamiltonian of the system following the procedure described in §3. Eqs. (3.4), (3.9) and (3.11) take the form: where
and g(Π − , Ψ) is given by (3.15) , (3.16) :
evaluated at the solution to (4.6). Finally, (3.17) gives the Dirac brackets between Π ± :
H + describes a free theory decoupled from the rest of the fields Π − and Ψ, including the metric. On the other hand, H − describes an interacting theory of Π − coupled to other fields. Therefore the spectrum of H − can be regarded as the physical spectrum of the theory. In two space-time dimensions, the constraints (3.10) do not exist since P and Π ± are scalars.
We shall now consider compactification of the theory on a circle of radius R. While putting it on a circle is achieved by taking the x 1 coordinate to be compact with fixed period (which we take to be 2π), the introduction of the radius R requires coupling the theory to gravity. For simplicity we shall set to zero all fields other than φ, A and the metric (which we shall treat as background). We allow φ to carry winding charge so that the zero modes of Π ± given in (4.5) can be treated as independent variables. According to (2.14), (2.15), L I in this case will be given by:
with M given by eq.(2.20) and Q 0 = −Q 1 = −A. The evaluation of M is simplified by noting that since the indices A, B in §2 correspond to fully anti-symmetric combination of 2n + 1
Lorentz indices, for n = 0 this just corresponds to a Lorentz vector. If we take the background metric to be g = −1 0 0 R 2 , (4.12)
then the corresponding symmetric zweibein will bê
This gives, from (2.19),
Substituting these into (2.20) we get
where we have used (4.2), and that Q 1 = −Q 0 is called A here. Eq.(4.6) now becomes
leading to 
Substituting this into (4.8) we finally get
Let us also compute the momentum K, defined as the Noether charge associated with the translation symmetry along x 1 . From (4.3), this is given by
Comparing this with (4.20) we see that we have K − = R H − as expected for a chiral boson. The factor of R on the right hand side is a reflection of the fact that in the presence of the background metric, the physical momentum is given by K − /R. We also have K + = H + , showing that the degrees of freedom associated with the decoupled free fields carry the same chirality as the interacting degrees of freedom.
Quantization of this theory is straightforward. We focus on the interacting degrees of freedom Π − . First we replace the Dirac bracket relations by −i times the commutators:
Since x 1 has period 2π, we can expand Π − (x 0 , x 1 ) as: Defining a n = 1 √ n α n , a † n = 1 √ n α −n , n > 0 , (4.25)
we get [a n , a † m ] = δ m,n , [a n , a m ] = 0, [a † n , a † m ] = 0 , (4
and
n a † n a n + 1 2R α 2 0 . Since the variable α 0 commutes with every other operator, it can be regarded as a classical variable. To find its interpretation we note that α 0 is the zero mode of Π − , which is related to the original variables (A, φ) via:
Therefore α 0 is the x 1 independent mode of A up to a normalization. Using the identification (2.22) we can express (4.28) as
where F is some 1-form field strength. Typically F would satisfy a self-duality constraint with respect to physical metric (the analog of (2.13) with Y = 0), which gives
Typically F 1 will satisfy a quantization condition in a physical theory. This tells us that the α 0 is quantized in integer multiples of a constant.
Given the spectrum, one can construct the partition function defined as 2 T r{e −2πRτ 2 H − +2πiτ 1 P − } = T r{e 2πiR(τ 1 +iτ 2 )H − }. As is well known, this partition function is not modular invariant. From the perspective of our analysis this is not a surprise, since the partition function is not computed via Euclidean path integral on a torus. Indeed, since one of the variables in our theory is a real self-dual vector field A µ , it is not clear how to formulate the theory in the Euclidean space.
Chiral 2-form in six dimensions and its dimensional reduction on T 2
In this section we shall analyze the theory of chiral 2-form in six dimensions with self-dual 3-form field strength. 3 We begin by describing the usual formulation of the theory where we 2 The normalization constats multiplying τ 1 and τ 2 have been adjusted so that had we been able to calculate this from Euclidean path integral on a torus, the torus would be defined via the identification z ≡ z + 2πR ≡ z + 2πR(τ 1 + iτ 2 ) with metric |dz| 2 .
3 Various aspects of the theories of self-dual tensors in six dimensions have been discussed in [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] .
impose the self-duality constraint after deriving the equations of motion from the action. We denote by B a 2-form field and by Ψ all other fields including the metric g µν , and define
where Ω is a 3-form constructed from the other fields. The action is taken to be of the form:
where An explicit example of such an action can be found in [46] . Our goal in this section will be to follow the general procedure reviewed in §2 to construct an equivalent action that avoids the use of the additional constraint (5.4), and then construct the Hamiltonian following the procedure described in §3. Comparison of (2.9), (2.10), (2.11), 
Here P is a 2-form field and Q is an independent three form field. It follows from (2.22) that the degrees of freedom in the new description and the original description are related by:
We now compactify two of the dimensions on T 2 with coordinates x 4 , x 5 , each of period 1. Also we shall work with a background metric of the form η G , (5.9) where η denotes four dimensional Minkowski metric and G is a 2 × 2 symmetric matrix describing the metric on T 2 . The corresponding symmetric vielbein is given by:
where Γ is a 2 × 2 symmetric, positive definite matrix satisfying,
In the following we shall use the symbols α, β, · · · for labelling the compact directions 4 and 5, µ, ν, ρ, · · · for labelling the non-compact directions 0,1,2 and 3, and i, j, k, · · · for labelling the non-compact spatial directions 1, 2, 3. As before, the indices are raised and lowered by the metric δ αβ , η µν , δ ij and their inverse. ǫ αβ , ǫ µνρσ and ǫ ijk will denote totally anti-symmetric symbols with ǫ 45 = 1, ǫ 0123 = 1 and ǫ 123 = 1. We also define: and
Using (5.11)-(5.14) one can also show that
Using these results, and the results of §3, we can write down the expression for the full action and the corresponding Hamiltonian. However since our main goal will be to test Sduality invariance, we shall work with a truncated theory in which we take all the fields to be independent of the coordinates x 4 , x 5 . Eqs. (5.20) now shows that the action given in (5.6), (5.7) can be written as a sum of two terms -one containing the fields P 45 , P µν , Q 45µ , Q µνρ and the sources Ω 45µ and Ω µνρ , and the other containing the fields P αµ , Q αµν , and the sources Ω αµν . Therefore it is possible to make a consistent truncation of the theory by setting 6 P 45 = 0, P µν = 0, Q 45µ = 0, Q µνρ = 0, Ω µνρ = 0, Ω 45µ = 0 . Self-duality of Q in six dimensions implies that in four dimensions:
where ⋆ denotes Hodge dual in 3+1 dimensions with respect to the four dimensional Minkowski metric:
From the perspective of the 3+1 dimensional theory, ǫ αβ ⋆ dΩ (β) represents the current density of string charge wrapped along α direction.
Using the truncation (5.22) , and the relation (dP (α) ) µν = (dP ) αµν , (5.26) H − given in (3.18) , (3.15) , after using (5.21), (5.22), (5.23), (5.28), (5.29) and (5.31), takes the form:
On the other hand, the Dirac bracket relation (3.17) gives: 33) and the constraint (3.10) gives:
We now note that H − is invariant under the S-duality transformation:
The Dirac bracket relation (5.33) is also invariant under this transformation since
Returning to the action (5.27), we see that the S-duality transformation, corresponding to the choice W = W S = 0 1 −1 0 , (5.37)
is a symmetry of the action and the self-duality constraint (5.24) under the transformation
(5.38) This is a consequence of the fact that the original action is manifestly invariant under Lorentz transformation, which includes 90 • rotation in the 4-5 plane generating the S transformation.
In contrast, the T transformation generated by
is only a symmetry of the equations of motion (and also of the Hamiltonian) since it corresponds to a diffeomorphism not connected to the identity. The original action is invariant under infinitesimal diffeomorphisms which only generate diffeomorphisms connected to the identity.
